Discharging a liquid from a nozzle at sufficient large velocity leads to a continuous jet that due to capillary forces breaks up into droplets. Here we investigate the formation of microdroplets from the breakup of micron-sized jets with ultra high-speed imaging.
The encircled numbers (1) (2) (3) (4) refer to droplet formation studies performed by Ambravaneswaran et al., 17 Kalaaji et al., 25 González & García, 26 and Pimbley & Lee 27 respectively; in this work we study diminutive Rayleigh jets using ultra high-speed imaging at 500 kfps (5) and 14 Mfps (6).
I. INTRODUCTION
A narrow size distribution in droplet formation is important in many industrial and medical applications. For example, the controlled formation of (double)emulsions from microfluidic devices in T-shaped 1,2 or flow-focusing geometries [3] [4] [5] is needed in many personal care products, foods, and cosmetics. In food industry, the production of powders with a monodisperse particle size distribution through spray-drying results in a reduction of transportation and energy costs. In inkjet printing, monodisperse microdroplets are required to accurately control droplet deposition. 6 In drug inhalation technology, monodisperse droplets lead to an improved lung targeting.
7,8
Highly monodisperse micrometer-sized droplet production is achieved in various droplet generators. 9, 10 In continuous jet technology the breakup of a liquid jet emanating from a nozzle is stimulated by an acoustic wave, resulting in a continuous stream of droplets.
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Piezoelectric drop-on-demand systems generate a well-defined piezo-driven pressure pulse into the (ink)reservoir which forces a precisely controlled amount of liquid to detach from the nozzle. 12, 13 In electrospray atomization a high voltage is applied to generate (sub)micronsized droplets of conducting liquids. 14, 15 However, for drug inhalation technology ideally one would need a low-cost droplet generator that is simple, light, and disposable. The typical size of nebulizer droplets is 2.5 µm in radius. Droplets that are too large do not penetrate into the deeper regions of the lungs, whereas droplets that are too small evaporate or are exhaled. 7, 8 Inhaler sprays therefore need a well-controlled and narrow size distribution. The more sophisticated droplet generators involve the use of dedicated equipment and hence do not meet the criteria for this specific application.
The formation of droplets by the slow emission of a liquid from a nozzle (e.g. a leaking faucet) forms a pendant droplet that grows slowly, characterized by a quasi-static balance between inertial and surface tension forces. [16] [17] [18] [19] The droplet formation mechanism in this regime is associated as 'dripping'. It is known that the shape of the nozzle opening can dramatically influence the size of the droplets. 20 Droplet formation in the dripping regime typically produces large droplets at low production rates.
When the liquid flow rate is progressively increased such that the liquid velocity v is sufficiently large such that the kinetic energy overcomes the surface energy a continuous liquid jet is formed. The lower critical velocity for jet formation can be expressed in terms of the Weber number
with radius of the jet r, liquid density ρ ℓ , and surface tension γ. 21 The formation of a jet -that is inherently unstable -gives rise to the next droplet formation regime, where droplets are generated by the spontaneous breakup of the jet to minimize its surface energy.
Droplet formation by 'jetting' a liquid is referred to as 'Rayleigh breakup' as described by Plateau 22 and Lord Rayleigh 23 more than a century ago. A small disturbance introduced by mechanical vibrations or by thermal fluctuations will grow when its wavelength exceeds the circumference of the jet. The optimum wavelength for an inviscid liquid jet is expressed as λ opt = 2 √ 2πr and is determined by the jet radius only. 23 The system automatically selects this optimum wavelength and breaks up in fixed fragments of volume λ opt πr 2 , which then determines the droplet size. The size of the droplets is thus governed by the geometry of the system and it is independent on the jetting velocity.
When the liquid velocity is further increased the relative velocity between the jet and the ambient air can no longer be neglected. Aerodynamic effects accelerate the breakup process and a shortening of the length from the nozzle exit to the location of droplet pinch-off is observed. A transition from the 'Rayleigh breakup' regime to the first wind-induced breakup regime occurs when the inertia force of the surrounding air reaches a significant fraction of the surface tension force, such that the Weber number in gas
with ρ g the density of the gas. The size of the droplets is governed by the jet radius and is independent on the jetting velocity. This makes it the favorable regime for high-throughput monodisperse microdroplet formation. A complete overview on liquid jet breakup has recently been given by Eggers and Villermaux.
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Droplet formation by dripping from the tip of a nozzle or through the breakup of a continuous liquid jet has been extensively studied both experimentally and numerically. In Relatively little attention has been given to the experimental validation of such models in predicting the formation of microdroplets from the breakup of microjets. A study on the dynamics of these microscopically thin jets is experimentally extremely difficult due to the small length and time scales involved. 9 The local thinning of the liquid microjet followed by the droplet pinch-off is an extremely fast process. If the liquid viscosity can be safely neglected -i.e. when the Ohnesorge number
with liquid viscosity µ -the collapse is driven by a balance between inertial and surface tension forces. The relevant time scale is then given by the capillary time
In the specific case for the breakup of a 1 µm liquid jet, the capillary time is of the order of 100 nanoseconds.
In this paper we study microdroplet formation from the breakup of a continuous liquid microjet experimentally using ultra high-speed imaging and within a 1D lubrication approximation model. We focus on two distinct cases for different jet sizes. First, we resolve the breakup of a 18.5 µm jet (cf. number 5 in Fig. 1 ) at a high spatial and temporal resolution, such that the smallest structures (i.e. satellite droplets) can be studied in great detail. We make a direct comparison between the high-speed imaging results captured at 500 kfps and those obtained from the 1D model calculation for this specific case. One of the key contributions of this paper is to demonstrate the good agreement between the experimental and lubrication approximation results, which to date have never been established before on such a small time and length scale (cf. the encircled numbers 1-4 indicating existing studies presented in literature in Fig. 1 ). For the second case we push towards the experimental limit (number 6 in the same figure) and provide ultra high-speed imaging results recorded at 14 Mfps (corresponding to 73 ns interframe time) of microdroplet formation from the breakup of a 1 µm diminutive jet.
The paper is organized as follows. In section II we briefly describe the one-dimensional model based on the lubrication approximation. The experimental setup to resolve the extremely fast droplet formation process is described in section III, while the results are presented in section IV. Section III and section IV are divided into two sub-sections for both cases of jet breakup: for a microjet (A) and for a diminutive jet of 1 µm in size (B). In section V a comparison is made between the 1D model and a boundary integral calculation.
A discussion and concluding remarks are given in section VI.
II. LUBRICATION APPROXIMATION
Numerical simulations of jet breakup are carried out by solving the Navier-Stokes equations within the lubrication approximation as described in detail in the work by Eggers and Dupont 33 and Shi, Brenner and Nagel. 37 It was shown that droplet formation -e.g. from a dripping faucet -can be predicted within great accuracy by solving the Navier-Stokes equation in a one-dimensional approximation obtained from a long-wavelength expansion.
We apply the very same technique to model microdroplet formation from the breakup of an axisymmetric liquid microjet emanating from a circular orifice. The geometry of the system is schematically shown in Fig. 2 (c). For small perturbations of the jet, the radial length scale is very much smaller than the longitudinal length scale and it is therefore appropriate to apply the lubrication approximation. We note, however, that close to break-up this approximation is no longer justified. One of the key questions is to investigate whether this influences the prediction of the breakup phenomenon.
Here we briefly review the main steps leading to the lubrication equations. The state of the system is described by the pressure field p and the velocity field v. A Taylor The system is closed by applying the boundary conditions for the normal and tangential force on the jet surface. The normal force is balanced by the Laplace pressure, which gives the pressure jump across the interface. For the thin jet of our experiment at moderate jetting velocity, the breakup is not influenced by the surrounding air and the tangential force is set to zero. Applying these boundary conditions gives the reduced form of the Navier-Stokes
where h is the radius of the jet, v is the liquid velocity, and prime denotes the derivative with respect to the axial-coordinate z. The curvature of the interface C is given by
The interface moves with the velocity field as
The set of linear equations (Eq. 5, 6, and 7) is solved using an explicit scheme ODE solver in MATLAB (The Mathworks Inc., Natick, MA, USA). 36 A fixed number of grid points are homogeneously distributed from the nozzle exit to the tip of the jet.
As the initial condition for the shape of the jet, we used a hemispherical droplet described Fig. 2 (c)), with h 0 the initial radius of the jet at the nozzle exit, and axial coordinate z containing 1000 grid points, homogeneously distributed between the nozzle exit (at z = 0) and the tip of the jet at z = h 0 . The initial jetting velocity v jet was constant along the z-axis. A modulation of the nozzle radius is applied in the numerical simulations to initiate jet breakup, mimicking thermal fluctuations. The amplitude of variation of the jet radius at the nozzle exit is small, δ/h 0 ≈ 0.005.
velocity was modulated correspondingly,
The driving frequency of the modulation is chosen such that it matches the optimum wavelength for jet breakup (f = v jet /λ opt ). The amplitude of the wave grows until it equals the radius of the jet and a droplet pinch-off occurs. The moment of droplet pinch-off is defined as the moment where the minimum width of the jet is below a threshold value, which in our simulations we set to 100 nm. After pinch-off all grid points between the nozzle exit and the pinch-off location were redistributed and the calculations continued until another droplet was formed. After droplet pinch-off, the continuous jet and the detached droplet where calculated individually. When a droplet meets another droplet (or jet) the two objects where combined to simulate droplet coalescence. Droplet coalescence is defined when two objects overlap with a critical distance 0.005h 0 .
III. EXPERIMENTAL SETUP
The experimental study of microjet breakup is extremely challenging due to the small length and time scales involved. This section describes the experimental setup that is used to visualize the breakup of liquid microjets. We consider two different systems -first for the breakup of a 18.5 µm liquid microjet, and second, for a diminutive jet under the extreme condition for resolving its breakup using visible light microscopy.
A. Microjets (18.5 µm) and Eq. 2, are respectively We ≈ 8.7 and We g ≈ 0.01, confirming that the breakup of the liquid jet is purely driven by the Rayleigh breakup mechanism, since the criteria We > 4 and
We g < 1 holds. 21 The Ohnesorge number, defined in Eq. 3, Oh ≈ 0.10 is small, but finite, which implies that the viscosity of the liquid influences the motion of the fluid. The relevant time scale for the motion of the liquid is given by the capillary time τ c = ρ ℓ r 3 /γ ≈ 10 µs.
To resolve the droplet formation and the extremely fast pinch-off, a high-speed camera (Hypervision HPV-1, Shimadzu Corp., Kyoto, Japan) was used which captures 102 consecutive images at a frame rate of 500,000 frames per second (fps) and 312 × 260 pixel spatial resolution, cf. Fig. 2(b) . To minimize motion blur the exposure time of the camera was set to 1 µs.
The camera was mounted to a microscope (BX-FM, Olympus Nederland bv, Zoeterwoude,
The Netherlands) with a 50× objective lens (SLMPlan N 50×/0.35, Olympus). The system was operated in bright-field mode using a high-intensity continuous light source (LS-M352A, Sumita Optical Glass Europe GmbH, Germany) and fiber illumination. the Weber number for the liquid We = 21, and for the gas We g = 0.03; the Ohnesorge number Oh = 0.10. The capillary time is τ c = 165 ns. The extremely fast dynamics involved in the breakup of these diminutive jets were captured with the ultra high-speed Brandaris 128 camera 40 at a framerate of 13.76 Mfps, corresponding to a temporal resolution of 73 ns.
The microscopic system used was the same as described above. A high-intensity flash lamp coupled into a liquid lightguide was used that produces a single flash with a pulse duration sufficiently long to expose all 128 image frames of the high-speed recording (≈ 10 µs). 
IV. RESULTS

A. Results for microjets
In Fig. 3 we show a time series of the formation of a droplet captured using ultra highspeed imaging at 500 kfps (a) and we show the accompanying prediction based on the lubrication approximation model (b). The lubrication approximation model calculation is based on the experimental values for the radius of the jet r = 18.5 µm, the jet velocity v jet = 5.4 m/s, and the liquid properties only. We observe two different types of dropletsthe primary droplet, with a size almost twice the diameter of the jet, and a small satellite droplet. The satellite droplet is formed from the breakup of the thin thread between the jet and the primary droplet. In Fig. 3 it is demonstrated that the lubrication model accurately predicts both the formation of the primary droplet and its satellite droplet.
We obtain the velocity of the droplets from the displacement of the droplet's center of mass between two frames. Eight droplets are traced throughout the recording, resulting in . The satellite droplet pinches off from the primary droplet (at t ≈ 0 µs) before it pinches off from the jet (at t ≈ 4 µs), resulting in a deceleration of the satellite droplet.
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In Fig. 6 we plot the evolution of the minimum radius of the neck h min during collapse, until breakup. When the viscosity of the liquid is neglected, the collapse of the 'neck' can be described by a radially collapsing cylinder. From a balance between inertia and surface tension forces it follows that the minimum radius of the neck h min ∝ (τ /τ c ) 2/3 , with a characteristic 2/3 exponent. 41 The experimental data fall on a single power-law curve with an exponent equal to 2/3. The evolution of the minimum radius of the neck during pinchoff predicted by the lubrication approximation shows a deviation from the 2/3 slope line (indicated by the arrow in Fig. 6 ), which can be attributed to the formation of the satellite droplet, as described in the work by Brenner et al. 16 and Notz et al. 42 This is illustrated in Fig. 7 where three moments during droplet pinch-off are shown. In (i) and (ii) the thin liquid thread shows an elongation, which is followed up by a thickening (iii) and the formation at a satellite droplet. This affects the breakup dynamics and causes a (transient) deviation from the asymptotic 2/3 behavior. 
B. Results for diminutive microjets
We now consider the results obtained from the ultra high-speed imaging recordings for the breakup of diminutive jets of 1 µm in radius. The scale bar in the lower right corner of both panels denote 20 µm.
-its equivalent radius is 2.5 ± 0.2 µm, which nicely agrees with the predicted droplet size by the lubrication model of 2.4 µm. The area of the satellite droplet is too small to measure it accurately. From the lubrication approximation calculation we can learn that the size of the satellite droplet is 0.6 µm (equivalent to a droplet volume of 1 fl).
The same set of image frames is shown in greater detail in Fig. 9 . It is observed that droplet formation from the breakup of a 1 µm liquid microjet shows more irregularities in comparison to droplet formation from a 18.5 µm jet (cf. Fig. 3(a) ). This is best witnessed by the variation in droplet and satellite droplet spacing and the diversity in droplet pinch-off location. This is also expressed in the droplet velocity distribution. In Fig. 10 
V. BOUNDARY INTEGRAL
The one-dimensional nature of the lubrication approximation model implies that it cannot describe the concave curvature, or 'overturning', of the droplet at pinch-off. Droplet overturning typically occurs for low-viscosity liquids, but it is also observed experimentally for more viscous liquids. 43 The shape of an inviscid liquid droplet at pinch-off exhibits droplet overhang with a unique characteristic angle of 112.8
• . 44 In Wilkes et al. is presented on the influence of liquid viscosity on the angle of droplet overhang. Droplet overturning is suppressed when the liquid viscosity is sufficiently large such that viscous shear stress is efficiently dissipated into the liquid. Droplet overturning is suppressed for Oh typically around 0.01 and 0.1. In this work we are close to the critical viscosity (Oh = 0.1 in both studies) and overturning could occur. However, from the high-speed (shadow) images in Fig. 5 and Fig. 9 it is not clear whether the droplet shows some overhang. The amount of droplet overhang, if exists, is of the same order of the pixel size and can not be quantified.
Here we make a comparison between an axisymmetric boundary integral (BI) calculation, which can describe droplet overhang, and the one-dimensional lubrication approximation model (which includes viscosity, in contrast to BI). In Fig. 11 and Fig. 12 we show boundaryintegral numerical simulations for the same cases as studied above experimentally and within the lubrication approximation. The drawback is that BI methods are only applicable in the inviscid limit (Oh = 0) due to the potential flow description. Details of the implementation of the BI scheme are given in Gekle et al.
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Fig . 11 and Fig. 12 shows a comparison of droplet pinch-off obtained from the BI simulation and the lubrication approximation. As can be seen in Fig. 11(a) , the BI simulation indeed displays the overturning of the main droplet just before pinch-off, in contrast to the one-dimensional lubrication theory. However, the size of the predicted overturning is clearly inconsistent with the experimental observations. The experimental results for the droplet is in between the BI and lubrication predictions. In addition, Fig. 11 (b) reveals some deviations in the shape and size of the satellite droplet. We attribute this to the missing viscosity in the BI method as satellite formation is closely connected to viscous effects.
VI. DISCUSSION & CONCLUSION
In spite of its limitations the one-dimensional lubrication approximation model predicts the formation of the microdroplets and satellite droplets and their sizes with great accuracy.
The advantage of a one-dimensional approach is the limited time required to perform a complete calculation. This makes it possible to perform a parameter study. In Fig. 13 a phase diagram is shown, indicating the effect of the jetting velocity and viscosity on the formation of satellite droplets. The jetting velocity is expressed in the Weber number, the viscosity in the Ohnsesorge number. A clear region is found for which the formation of satellite droplets is suppressed. In this regime the driving frequency and the amplitude of the modulation are kept constant. It is well known that the amplitude and the wavelengthto-diameter ratio affect the formation and behavior of satellite droplets. 27 To get a complete picture the phase diagram should be extended so that it includes these parameters.
In conclusion, the extremely fast droplet formation process from the spontaneous breakup of a liquid microjet is resolved at a high spatial and temporal resolution using ultra high- a boundary integral calculation. The lubrication approximation predicts the shape of the droplet at pinch-off to be closer to its most favorable state -a perfect sphere -hence it is less subject to shape oscillations. Inspite of this discrepancy it is shown that the lubrication approximation can predict the size of the droplets, its velocity, and the formation of satellite droplets, with great accuracy. The 1D origin of the lubrication approximation makes it computationally less demanding in comparison to two-dimensional models, which makes it highly interesting to be used to investigate parameter space in droplet formation, also for diminutive Rayleigh jets.
